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The thermoelectric properties of the surface states in three-dimensional topological insulator
nanowires are studied. The Seebeck coefficients Sc and the dimensionless thermoelectrical figure of
merit ZT are obtained by using the tight-binding Hamiltonian combining with the nonequilibrium
Green’s function method. They are strongly dependent on the gate voltage and the longitudinal
and perpendicular magnetic fields. By changing the gate voltage or magnetic fields, the values of
Sc and ZT can be easily controlled. At the zero magnetic fields and zero gate voltage, or at the
large perpendicular magnetic field and nonzero gate voltage, ZT has the large value. Owing to the
electron-hole symmetry, Sc is an odd function of the Fermi energy while ZT is an even function
regardless of the magnetic fields. Sc and ZT show peaks when the quantized transmission coefficient
jumps from one plateau to another. The highest peak appears while the Fermi energy is near the
Dirac point. At the zero perpendicular magnetic field and zero gate voltage, the height of nth
peak of SC is
kB
e
ln2/(|n| + 1/2) and kB
e
ln2/|n| for the longitudinal magnetic flux φ‖ = 0 and pi,
respectively. Finally, we also study the effect of disorder and find that Sc and ZT are robust against
disorder. In particular, the large value of ZT can survive even if at the strong disorder. These
characteristics (that ZT has the large value, is easily regulated, and is robust against the disorder)
are very beneficial for the application of the thermoelectricity.
PACS numbers:
I. INTRODUCTION
In recent years, the discovery of the three-dimensional
(3D) topological insulators (TIs) has opened up a new
field for the condensed matter physics, which is also one
of the most important advances in material science.1–3
TIs have attracted wide attention because of the ex-
otic physical properties and potential huge applications
in spintronics.4–8 TIs are characterized by the insulat-
ing bulk states and nontrivial conducting surface state,
which is topologically protected by time-reversal sym-
metry. The time reversal invariant disorders can not
cause the backscattering and can not open the gap on
the surface states. The surface states, which present
an odd number of gapless Dirac cones, are featured by
the unique Dirac-like linear dispersion with the spin-
momentum locked helical properties.9–12 Moreover, for
a TI nanowire, a gap opened in the surface states results
from the pi Berry phase obtained by the 2pi rotaition of
the spin around the nanowire.13–15 However, by thread-
ing a magnetic flux φ0/2 = h/2e paralleling the wire, an
extra Aharonov-Bohm phase cancels the pi Berry phase
and closes the gap, i.e. wormhole effect.16–20
The materials used to make thermoelectric generators
or thermoelectric refrigerators are called thermoelectric
materials, which can directly convert the thermal en-
ergy into the electrical energy each other. Thermoelec-
tric materials have wide application prospects in ther-
moelectric power generation and thermoelectric refriger-
ation. Using thermoelectric materials to generate elec-
tricity and refrigeration will effectively solve the prob-
lem of energy sustainable utilization. TIs share simi-
lar material properties, such as heavy elements, narrow
band gaps and quantum localization effect, with thermo-
electric materials. Many TIs (like Bi2Te3, Sb2Te3 and
BixSb1−x) are considered as excellent materials for ther-
moelectric conversion.21–23 The new physical properties
of TIs nanomaterials bring new breakthroughs to the re-
search of thermoelectric materials and provide new op-
portunities for the development of thermoelectric tech-
nology. Therefore, it is very important and necessary to
find high-efficiency thermoelectric materials. The con-
version efficiency of thermoelectric materials depends on
the dimensionless thermoelectrical figure of merit ZT .
ZT is defined as ZT = σSc
2T /κ, where σ is the elec-
tric conductivity, Sc is the Seebeck coefficient, and T is
the operating temperature of the device, and the thermal
conductivity κ is the sum of the electric thermal conduc-
tivity and lattice-thermal conductivity.21–26 The higher
ZT value of thermoelectric material, the better its perfor-
mance. There are two ways to raise the ZT value. One is
to increase the thermopower Sc and electrical conductiv-
ity. The large thermopower Sc can convert the tempera-
ture difference to the voltage at both ends of the material
more effectively. The other is to reduce the thermal con-
ductivity to minimize the energy loss induced by heat
diffusion and Joule heating. However, due to the restric-
tion of the Mott relation27 and the Wiedemann-Franz
law,28 a high thermopower Sc leads to a low electrical
conductance, and a high electrical conductivity in a ma-
terial also implies a high thermal conductivity. These
2three parameters need to be optimized to maximize the
ZT value. The study of thermoelectric transport char-
acteristics would be helpful in improving the conversion
efficiency between the electrical energies and the thermal
energies.21–24,26
Generally, we consider the thermoelectric power, also
called Seebeck coefficient which measures the magnitude
of the longitudinal current induced by a longitudinal
thermal gradient in the Seebeck effect. The thermoelec-
tric power derived from the balance between the electric
and thermal forces acting on the charge carrier, is more
sensitive to the details of the density of states than the
electronic conductance.25,27,29–32 Therefore, the thermo-
electric power is more helpful to understand the particle-
hole asymmetry of TIs. The thermoelectric power can
clarify the details of the electronic structure of the am-
bipolar nature for the TI nanowires more clearly than the
detection of conductance alone. Although the Seebeck ef-
fect and the Peltier effect provide a theoretical principle
for the application of thermoelectric energy conversion
and thermoelectric refrigeration,26,33 the classical Mott
relation and the Wiedemann-Franz law may not be es-
tablished due to the quantum behavior in nanostructured
materials. Therefore, the study of thermoelectric power
may inspires new ideas in the design of quantum thermo-
electric devices.34
In 1993, Hicks and Dresselhaus35 found that ZT value
increases swiftly as the dimensions decrease and strongly
depends on the wire width. Hicks and Dresselhaus pro-
posed the idea of using low-dimensional structural ma-
terials to obtain high ZT . Then more and more re-
search groups begin to pay attention to the thermoelec-
tric transport properties in nanostructure materials.36–45
Especially in recent years, with the development of the
low-temperature measurement technology and the im-
provement of the microfabrication technology, the ther-
moelectric measurement in low-dimensional samples has
became feasible at low temperature, and various groups
were able to fabricate nanostructures and measure their
thermoelectric properties at low temperature.36,40,43,44
In addition, the charge carrier density in nanostructured
materials can easily be tuned globally or locally by vary-
ing the magnetic field or the applied gate voltage. Due to
the thermoelectric effect being sensitive to the changes of
carrier density, the Sc and ZT of thermoelectric materi-
als can be controlled by applying in different directions of
the magnetic field and changing the gate voltage, which
opens up a broad way to find high-efficiency thermoelec-
tric materials.24
In this paper, we carry out a theoretical study of
the thermoelectric properties of 3D TI nanowires un-
der the longitudinal and perpendicular magnetic fields
by using the Landauer-Bu¨ttiker formula combining with
the nonequilibrium Green’s-function method. While the
Fermi energy just crosses discrete transverse channels,
the transmission coefficient of the quantized plateaus
jumps from one step to another and the Seebeck coeffi-
cient Sc and the thermoelectric figure of merit ZT show
peaks. Due to the electron-hole symmetry, Sc is odd func-
tion of the Fermi energy EF , and ZT is even function. Sc
and ZT have very large peaks near the Dirac point at the
zero magnetic field and zero gate voltage, because of the
extra pi Berry phase around the TI nanowire and a gap
appearance in the energy spectrum. The thermoelectric
properties of the TI nanowire are obviously dependent
on the gate voltage and the longitudinal and perpendic-
ular magnetic fields. The values of Sc and ZT can be
easily controlled by changing the gate voltage or mag-
netic fields. In addition, the effect of the disorder on the
thermoelectric properties is also studied. The Seebeck
coefficient Sc and ZT are robust against the disorder,
but the plateaus in the conductance are broken. This
is very counterintuitive. In usual, the Sc and ZT are
more sensitive than the conductance. In particular, the
large peak value of ZT can well survive, which is very
promising for the application of the thermoelectricity.
The rest of the paper is organized as follows. In
Sec. II, the effective tight-binding Hamiltonian is intro-
duced. The formalisms for calculating the Seebeck coef-
ficient Sc and the thermoelectric figure of merit ZT are
then derived. In Sec. III, the thermoelectric properties
at zero perpendicular magnetic field and zero gate volt-
age are studied. Sec. IV and Sec. V contribute to the
effect of the perpendicular magnetic field, gate voltage,
and disorder on thermoelectric properties, respectively.
Finally, a brief summary is drawn in Sec. VI.
II. MODEL AND METHODS
Here we consider a cuboid 3D TI nanowire under
the longitudinal and perpendicular magnetic fields as
shown in Fig.1(a). Based on the lattice model, the two-
dimensional Hamiltonian for surface states of the 3D TI
nanowire can be described as follows,46
H =
∑
m
[
N∑
n
c†nmR0cnm +
N∑
n
c†nmRycn,m+1
+
N−1∑
n
c†nmRxncn+1,m − c
†
NmRxNc1m +H.c.
]
,(1)
with
R0 = (2W/a)σz + Unσ0,
Rxn = [−(W/2a)σz + (ih¯νF /2a)σy]e
i(φ
‖
n,n+1
+φ⊥n,n+1),
Ry = −(W/2a)σz − (ih¯νF /2a)σx, (2)
where cnm and c
†
nm are the annihilation and creation op-
erators at site (n,m) respectively, with the indexm being
along the y-direction and n being along the circumference
of the TI nanowire. N is the total number of lattices en-
circling the TI nanowire, a is the lattice constant, νF is
the Fermi velocity, σx, σy, σz are the Pauli matrices, σ0 is
the unit matrix, and Un is the on-site energy which can
be regulated by the gate voltage. Here we set Un = ∆U/2
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FIG. 1: (a) The schematic of a cuboid 3D TI nanowire under
the longitudinal and perpendicular magnetic fields. The grey
region is the center scattering region. (b) and (c) show the en-
ergy band structure of the TI nanowire with the longitudinal
magnetic flux φ‖ = 0 and pi, respectively. The perpendicular
magnetic field φ⊥ = 0, gate voltage ∆U = 0, and the disorder
strength D = 0.
for the upper surface, Un = −∆U/2 for the lower surface,
and Un is linear from ∆U/2 to −∆U/2 for two side sur-
faces. Here the effect of longitudinal magnetic field is in-
cluded by adding a phase term φ
‖
n,n+1 =
∫ n+1
n A‖ · dl/φ0
to Rxn in Eq.(2), where A‖ = (0, 0, B‖x) is the vector
potential for a magnetic field B‖ parallel to the y direc-
tion. Furthermore, we also consider a uniform magnetic
field B⊥ perpendicular to the upper and lower surfaces
[see Fig.1(a)], then a phase φ⊥n,n+1 =
∫ n+1
n
A⊥ · dl/φ0 is
added in the hopping term Rxn, whereA⊥ = (B⊥y, 0, 0).
W in Eq.(2) is the Wilson term. The Wilson term is in-
troduced for solving the fermion doubling problem in the
lattice model.46 In the numerical calculations, W is set
0.3h¯νF . The nanowire is assumed to have a cross section
of a size (Lx, Lz) = (96 nm, 12 nm). For the nanowires
of other sizes, the results are similar. We also set the
Fermi velocity νF = 5× 10
5 m/s and the lattice constant
a = 0.6 nm.11,47
Considering that the bias and temperature of the
left/right terminal are VL/R and TL/R, the electronic cur-
rent and the electric-thermal current flowing from the left
terminal to the cuboid 3D TI nanowire can be calculated
from the Landauer-Bu¨ttiker formula,26
JL =
e
h
∫
TLR(E)[fL(E)− fR(E)]dE,
QL =
1
h
∫
(E − µL)TLR(E)[fL(E)− fR(E)]dE.
(3)
Here, we neglect the heat current carried by the phonon,
because that this part of the heat current is usually much
smaller than that induced by the electron at low temper-
ature. In Eq.(3),
fα(E, µα, Tα) =
1
e(E−µα)/kBTα + 1
(4)
is the Fermi distribution function of the left/right termi-
nals, where α = L or R for the left or right terminal, and
the chemical potential µα = EF + eVα with the Fermi
energy EF .
TLR(E) in Eq.(3) is the transmission coefficient
through the 3D TI nanowire. By using nonequilib-
rium Green’s function method, TLR(E) can be obtained
as: TLR(E) = Tr[ΓLG
r
ΓRG
a], in which ΓL/R(E) =
i[ΣrL/R(E)−Σ
a
L/R(E)] and the Green’s functionG
r(E) =
[Ga]† = [EI − Hcen −
∑
αΣ
r
α]
−1, with Hcen being
the Hamiltonian of center scattering region and the
self-energy Σ
r/a
L/R stems from coupling to the left/right
lead.48,49 For a clean TI nanowire, the center scattering
region can arbitrarily be taken and the results are ex-
actly identical. On the other hand, while in the presence
of disorder,50 we consider that the disorder only exist in
the center scattering region and the left and right termi-
nals are the perfect semi-infinite 3D TI nanowire still. In
the presence of disorder, the on-site energies at the center
region are added with a term Dnmσ0 with
Dnm =
∑
n′,m′
D˜n′m′exp
(
−
r2nm,n′m′
2ξ2
)
. (5)
Here D˜n′m′ is uniformly distributed in the inter-
val [−D/2, D/2] with D being the disorder strength,
rnm,n′m′ is the distance between site (n,m) and (n
′,m′),
and ξ is the parameter describing the correlation length
of the disorder. In the numerical calculation, we con-
sider the long range disorder with ξ = 5a and the dis-
order density 50%. With each value of disorder strength
D, the transmission coefficient TLR(E), the conductance,
Seebeck coefficient, thermal conductance, and ZT are av-
eraged up to 40 configurations in the calculation.
In the case of very low bias and very small temperature
gradient, the Fermi distribution function in Eq.(3) can be
expanded linearly in terms of the Fermi energy EF and
the temperature T as
fL/R(E, µL/R, TL/R) = f0 − eVL/R
∂f0
∂E
+∆TL/R
∂f0
∂T
,
(6)
where ∆TL/R = TL/R − T and f0 = [e
(E−EF )/kBT +1]−1
is the Fermi distribution function at the zero thermal
gradient and zero bias. Then linear thermoelectric trans-
port can be calculated while a small external bias volt-
age δV = VL − VR or/and a small temperature gradient
δT = TL − TR is applied between the left and right ter-
minals.
By introducing the integrals Ii(T ) =
1
h
∫
dE(E −
EF )
i(−∂f0∂E )TLR(E) (i = 0, 1, 2), the linear-electric con-
ductance G (G = IL/δV at the zero thermal gradient),
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FIG. 2: Panels (a)-(d) plot the Seebeck coefficients Sc versus
Fermi energy EF for different temperatures with the longitu-
dinal magnetic flux φ‖ = 0, pi/3, 2pi/3, and pi, respectively.
The insets in panels (a) and (b) are zoom-in figures of the
small peaks in the corresponding main figures. The perpen-
dicular magnetic field φ⊥ = 0 and gate voltage ∆U = 0.
the Seebeck coefficients Sc (Sc = δV/δT at the zero elec-
tric current IL case), and electric thermal conductance
κe (κe = QL/δT at the zero electric current) can be ex-
pressed in very simple forms24,51
G = e2I0(T ), (7)
Sc = −
1
eT
I1(T )
I0(T )
, (8)
κe =
1
T
[
I2(T )−
I21 (T )
I0(T )
]
. (9)
After solving G, Sc, and κe, the thermoelectric figure
of merit ZT = GSc
2T /κe can be obtained straightfor-
wardly.
III. THERMOELECTRIC PROPERTIES AT
ZERO PERPENDICULAR MAGNETIC FIELD
AND ZERO GATE VOLTAGE
First, we study the Seebeck coefficient Sc and the
thermoelectric figure of merit ZT at the zero magnetic
field and zero gate voltage. Figure 2(a) and Fig.3(a)
show Sc and ZT versus the Fermi energy EF for dif-
ferent temperatures. Due to electron-hole symmetry,
Sc is an odd function of the Fermi energy EF with
Sc(−EF ) = −Sc(EF ). However, ZT is an even func-
tion of EF with ZT (−EF ) = ZT (EF ). The properties
Sc(−EF ) = −Sc(EF ) and ZT (−EF ) = ZT (EF ) can re-
main even if in the presence of the magnetic field, gate
voltage, and disorder. Sc and ZT exhibit a series of
peaks at low temperatures. When EF crosses the dis-
crete transverse channels where the transmission coeffi-
cient TLR jumps from one integer to another, Sc and ZT
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FIG. 3: Panels (a)-(d) plot ZT versus EF for different tem-
peratures with the longitudinal magnetic flux φ‖ = 0, pi/3,
2pi/3, and pi, respectively. The perpendicular magnetic field
φ⊥ = 0 and gate voltage ∆U = 0.
show peak. The closer the Dirac point is, the higher the
peak is. Sc and ZT have the highest peak near the Dirac
point. The value of ZT at the highest peak exceeds over
100 at the temperature T = 10K. The highest peak is
much higher than other peaks. For Sc (ZT ), the highest
peak is about 10 (100) times higher than the second high-
est peak. This is because of the pi Berry phase around the
3D TI nanowire and the wormhole effect, and an energy
gap opens at the zero magnetic field at the Dirac point,
leading that the transmission coefficient TLR = 0. In or-
der to balance the thermal forces acting on the charge
carriers, it needs a very large bias which results in a very
large Sc and ZT near the Dirac point. When the tem-
perature rises, the height of the highest peak of Sc de-
creases, but the heights of the other peaks roughly remain
unchanged and the valleys rise.
Next, we study the effect of the longitudinal magnetic
field B‖ on the Seebeck coefficient Sc and the thermoelec-
tric figure of merit ZT . Here the longitudinal magnetic
field is described by the magnetic flux Φ‖ in the cross
section of the TI nanowire, with Φ‖ = LxLyB‖. Fig-
ure 1(b) and 1(c) show the energy band structures of
the TI nanowire at φ‖ ≡ Φ‖/φ0 = 0 and pi. Because
of a pi Berry phase for electron going around the four
facets of TI nanowire,13–15 it yields a gapped spectrum
of surface state at φ‖ = 0. At φ‖ = 0, each band is dou-
ble degenerate. With the increase of φ‖ from zero, the
Aharonov-Bohm phase emerges and the double degener-
acy is removed.18–20 One sub-band moves up and other
sub-band goes down, leading that the gap becomes nar-
rower. When the magnetic flux φ‖ = pi, the pi Aharonov-
Bohm phase exactly cancels the pi Berry phase, leading
that a pair of non-degenerate linear modes emerge with
the gap closing [Fig.1(c)]. But other bands are double
degenerate again. Now it is ready to study the effect of
the longitudinal magnetic field φ‖ on the thermoelectric
properties. Sc and ZT are the periodic functions of φ‖
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FIG. 4: The inverse of peak height of Seebeck coefficients
Sc vs the peak number n. The upper triangle symbol and
hollow pentagram symbol denote the magnetic flux φ‖ = 0
and pi. These data points are obtained from the curve of
T = 5K in Fig.2(a) and 2(d). The two red lines are e
kB
(n +
sign(n)/2)/ln2 and e
kB
n/ln2.
with Sc(φ‖) = Sc(φ‖ + 2pi) and ZT (φ‖) = ZT (φ‖ + 2pi).
In addition, Sc(φ‖) = Sc(−φ‖) and ZT (φ‖) = ZT (−φ‖)
because that the system is invariant by simultaneously
making the time-inversion transformation and rotation
180◦ by fixing the x axis. In Fig.2 and Fig.3, we show
the Seebeck coefficient Sc and the thermoelectric figure
of merit ZT for the longitudinal magnetic flux φ‖ = 0,
pi/3, 2pi/3, and pi, respectively. When φ‖ increases from
zero, all peaks in the curves of Sc∼EF and ZT∼EF split
into two due to that the double degeneracy is removed.
The height of the highest peak near the Dirac point also
gradually decrease. Especially for ZT , the trend of de-
creasing is very obvious. But the value ZT is still over
30 at φ‖ = pi/3. For φ‖ = pi, the highest peak near the
Dirac point disappear completely because of the close of
the energy gap. But other peaks can remain still, and
two adjacent peaks combine into a single peak again. In
this case, Sc and ZT are small. Therefore, the thermo-
electric properties (Sc and ZT ) can be well adjusted by
the longitudinal magnetic field. In fact, for φ‖ = pi, the
magnetic field B‖ is about 11.3 Tesla.
Figure 4 shows the inverse of the peak height of See-
beck coefficient Sc versus the peak number n with the
longitudinal magnetic flux φ‖ = 0 and pi. Here the peak
number n denotes the n-th peak near the Dirac point, but
the highest peak does not count at φ‖ = 0. In fact, except
for the highest peak, the heights of the other peaks are al-
most independent of temperature [see Fig.2(a) and 2(d)].
We can see that at φ‖ = 0 the inverse of the peak height is
proportional to ekB (n+sign(n)/2)/ln2 with sign(n) = 1
for n > 0 and −1 for n < 0 (see the upper triangle sym-
bol in Fig.4). This is similar as that in the conventional
metal.25 On the other hand, for φ‖ = pi, the inverse of
the peak height is proportional to ekB n/ln2 (see the hol-
low pentagram symbol in Fig.4), which is similar as that
in graphene.25 This is because that the extra pi Berry
-40 -20 0 20 40
-2
-1
0
1
2
-40 -20 0 20 40
-0.8
-0.4
0.0
0.4
0.8
 
 
 
(a)
 
ZT
 5K
 10K
 15K
 20K
 10K
 15K
 20K
S c
 (k
B/e
)
 
 
 
(b)
 
EF (meV)
 5K
 10K
 15K
 20K
EF (meV)
 10K
 15K
 20K
-40 -20 0 20 40
0
1
2
3
 
(c)
 
 
0
2
4
6
8
10
 
-40 -20 0 20 40
0.0
0.5
1.0
1.5
 
 T L
R
(d)
0
2
4
6
8
10
 
 
FIG. 5: The Seebeck coefficient Sc and ZT vs Fermi energy
EF for different temperatures. φ‖ = 0, φ⊥ = 0, and the gate
voltage ∆U = 30meV in panels (a) and (c) and ∆U = 50meV
in panels (b) and (d). The gray curves in (c) and (d) are the
transmission coefficient TLR.
phase and the wormhole effect lead to a half-integer shift
in the curve of the inverse of the peak height of Sc versus
the peak number n. In fact, these conclusions can also
analytically be obtained from the energy band structure
and the transmission coefficient TLR(E). Taking φ‖ = 0
with the positive n as an example, when the energy E is
in the vicinity of En, the transmission coefficient TLR(E)
can be written as TLR(E) = 2n at E < En and it jumps
to 2n+2 at E > En with En being the bottom of the n-th
sub-band. Then substituting this transmission coefficient
TLR(E) into Eq.(8), we can obtain
Sc(EF ) =
kB
e
−xex + (1 + ex)ln(1 + ex)
1 + n(1 + ex)
, (10)
with x ≡ (En−EF )/kBT. This equation gives the shape
of the n-th peak for φ‖ = 0 with the positive n. So the
height of the n-th peak of Sc is about
kB
e ln2/(n+ 1/2).
From Sc(−EF ) = −Sc(EF ), the peak heights for the neg-
ative n can be obtained as kBe ln2/(n− 1/2) straightfor-
wardly. Similarly, the shape of the n-th peak of Sc for
φ‖ = pi can analytically be derived
Sc(EF ) =
kB
e
−xex + (1 + ex)ln(1 + ex)
1 + (n− 1/2)(1 + ex)
, (11)
and the peak height is kBe ln2/n. In Fig.4, the curves
e
kB
(n + sign(n)/2)/ln2 and ekB n/ln2 (the analytic re-
sults for the inverse of the peak height of Sc) are also
shown. They are well consistent with the numerical
points.
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FIG. 6: Sc and ZT vs Fermi energy EF for different temper-
atures. φ‖ = pi, φ⊥ = 0, and the gate voltage ∆U = 30meV
in panels (a) and (c) and ∆U = 50meV in panels (b) and (d).
The gray curves in (a) and (b) are the transmission coefficient
TLR.
IV. EFFECT OF THE PERPENDICULAR
MAGNETIC FIELD AND GATE VOLTAGE ON
THERMOELECTRIC PROPERTIES
In this section, we study the effect of the perpendicular
magnetic field B⊥ and gate voltage ∆U on the Seebeck
coefficient Sc and thermoelectrical figure of merit ZT of
the 3D TI nanowire. First, the effect of ∆U is studied.
Figure 5 shows Sc and ZT with φ‖ = 0, and the gate
voltage ∆U being 30meV and 50meV. The parameters
in Fig.6 are similar to Fig.5, but φ‖ = pi. In order to ex-
plain the behavior of Sc and ZT clearly, the transmission
coefficient TLR is also given in Fig.5 and Fig.6, and here
TLR is quantized and exhibits a series of plateaus. In
Fig.5, in which the longitudinal magnetic flux φ‖ = 0, we
see that Sc and ZT show peaks when TLR jumps from
one step to another. In particular, as the gate voltage
increases, the large ZT at ∆U = 0 [see Fig.3(a)] reduces
swiftly. When ∆U = 20meV, the value of ZT is about
15.6. So the gate voltage can regulate the thermoelec-
tric properties. In addition, the oscillation peak near the
Dirac point becomes dense in the presence of ∆U [see
Fig.5(b) and (d)]. Because that the gate voltage ∆U
causes the difference between the potential energies of
the upper and lower surfaces, it affects the states of the
side surfaces, and makes the energy band deform, which
leads to a strong reduction of the energy gap. Figure 6
shows the curve of Sc∼EF and ZT∼EF at the longitudi-
nal magnetic flux φ‖ = pi. Similarly, Sc and ZT display
peaks when the transmission coefficient TLR steps jump.
The dense peaks are also displayed near Dirac point when
the gate voltage ∆U increases. By comparing between
Fig.5(b,d) and Fig.6(b,d), for ∆U = 50meV, we find that
the curves of Sc∼EF and ZT∼EF are very similar, al-
though φ‖ = 0 in Fig.5 and φ‖ = pi in Fig.6. This means
that both the pi Berry phase and the Aharonov-Bohm
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FIG. 7: The Seebeck coefficient Sc vs EF for different tem-
peratures with the perpendicular magnetic field φ⊥ = 0.005
and φ‖ = 0. The gate voltage ∆U = 0meV (a), 10meV (b),
20meV (c), and 50meV (d). The gray curves in (a-d) are the
transmission coefficient TLR.
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FIG. 8: ZT vs EF for different temperatures with φ⊥ =
0.005 and φ‖ = 0. The gate voltage ∆U = 0meV (a), 10meV
(b), 20meV (c), and 50meV (d).
phase of φ‖ have little effect on the Seebeck coefficient
Sc and ZT while at the large gate voltage.
Now, we study the effect of the perpendicular mag-
netic field B⊥ on the Seebeck coefficient Sc and the ther-
moelectric figure of merit ZT . For the small B⊥ (e.g.
B⊥ < 0.1 Tesla), Sc and ZT are are almost unaffected,
and ZT has still large value at φ‖ = 0. On the other
hand, for a large perpendicular magnetic field B⊥, Lan-
dau levels form and edge states appear on the side sur-
faces. In this case, Sc and ZT are almost independent of
the longitudinal magnetic field φ‖ and ZT strongly re-
duces. Figure 7(a) and Fig.8(a) show Sc and ZT versus
the Fermi energy EF with the perpendicular magnetic
flux in a lattice φ⊥ = 0.005 (the real magnetic field B⊥
is around 18.3 Tesla). The Sc displays peaks when EF
passes the Landau levels and show valleys between adja-
7cent Landau levels. Because that the Landau levels are
highly degenerate, the number of energy levels decreases,
and as a result the peak spacing becomes larger and the
peak becomes sparse. When EF is on the zeroth Lan-
dau level, Sc is zero. This is because the zeroth Landau
level with the doubly degeneracy is shared equally by
electrons and holes, and the electrons and holes give the
opposite contributions to Sc. Moreover, the peak height
of Sc is proportional to
kB
e ln2/n with the peak number
n. With the increase of temperature T , the peak height
of Sc remains approximately unchanged, but the valley
rises, which shows that Sc peaks are robust against the
temperature. For the thermoelectric figure of merit ZT ,
it is small for all the Fermi energy EF , because of the ap-
pearance of the edge states and the absence of the energy
gap at the large φ⊥. In addition, there are two largest
peaks in ZT at EF ≈ ±27.3meV (27.3meV is the first
Landau level). The positions of the ZT peaks are corre-
sponding to the Sc peaks. With the increase of φ⊥, the
peak spacing of ZT becomes larger and the peak becomes
sparse similar to the peaks of Sc.
Let us study the case of the coexistence of both the
perpendicular magnetic field φ⊥ and gate voltage ∆U .
Figure 7(b-d) and Fig.8(b-d) show Sc and ZT at the
large φ⊥ (φ⊥ = 0.005) and zero φ‖ for the different ∆U .
For the large φ⊥, the Landau levels form, and both Sc
and ZT are almost independent of the longitudinal mag-
netic flux φ‖. When the gate voltage ∆U is applied, the
Landau levels of the upper and lower surfaces split, and
then it produces a gap spectrum of surface states in the
TI nanowire. So the highest peaks of Sc and ZT near
the Dirac point appear, and the value of ZT strongly in-
creases. While ∆U ≥ 10meV, ZT can exceed over 25. In
addition, we can see from Fig.7 and Fig.8 that when the
gate voltage increases, the bandgap of surface states in-
creases first and then decreases due to the side surfaces.
So the highest peak of Sc and ZT also tends to increase
first and then decrease. But ZT can remain the large
value in a very large range of ∆U . In short, by adjust-
ing the longitudinal, perpendicular magnetic fields and
gate voltage, it is easy to change the value of Sc and ZT
greatly, i.e. to change greatly the thermoelectric proper-
ties of the 3D TI nanowire.
V. EFFECT OF THE DISORDER ON
THERMOELECTRIC PROPERTIES
Up to now, we have shown that the Seebeck coeffi-
cient Sc and the thermoelectric figure of merit ZT have
the large value at zero magnetic fields with the zero gate
voltage, or at the large perpendicular magnetic field with
the nonzero gate voltage. Next, let us study the ef-
fect of the disorder on Sc and ZT . Figure 9 shows the
transmission coefficient TLR, Sc and ZT for the different
disorder strength D at the zero perpendicular magnetic
field. When the disorder strength D = 0, TLR displays
quantum plateaus. While in the presence of the disor-
-60 -40 -20 0 20 40 60
0
4
8
12
16
-60 -40 -20 0 20 40 60
0
4
8
12
16
-4
-2
0
2
4
-0.8
-0.4
0.0
0.4
0.8
-40 -20 0 20 40
0
40
80
120
-40 -20 0 20 40
0.0
0.5
1.0
1.5
2.0
2.5
 
 
 
(a1)
T L
R
 0 meV
 100 meV
 180 meV
 
 
 
 
(a2)
Energy (meV)
 0 meV
 100 meV
 180 meV
Energy (meV)
  
 
(b1)
S c
 (k
B/e
)
 0 meV
 100 meV
 180 meV
  
 
(c2)
(b2)
 0 meV
 100 meV
 180 meV
 
 
 
 
(c1)
EF (meV)
ZT
EF (meV)
 0 meV
 100 meV
 180 meV
 
 
 
 
 0 meV
 100 meV
 180 meV
FIG. 9: The transmission coefficient TLR vs the energy E (a),
the Seebeck coefficient Sc vs EF (b) and ZT vs EF (c) for the
different disorder strengths D. The temperature T = 10K,
the gate voltage ∆U = 0 meV, φ⊥ = 0, and φ‖ = 0 for panels
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8der (D 6= 0), the lower plateaus (e.g. the plateaus with
TLR = 0 and 1) are robust against disorder. On the other
hand, the higher plateaus of TLR are obviously destroyed,
because that the scattering occurs by the disorders. But
the results show that Sc and ZT are very robust against
disorder in a wide range of Fermi energy EF . Not only
the highest peak near Dirac point can survive, but also
the low peak at large EF can remain at the strong disor-
der. Even the disorder strength D = 180meV, the peak
value of ZT can still exceed over 100 [see Fig.9(c1)] and
these lower peaks remain almost the same [see Fig.9(b1),
(b2) and (c2)]. This is obviously different from the intu-
ition, because thermoelectric behaviors (Sc and ZT ) are
more sensitive to the density of state than the conduc-
tance (or transmission coefficient). In fact, although the
plateaus of TLR are obviously destroyed by the disorder,
the sudden jumps from one plateau to another still exist
and the position of the jump point remains unchanged.
Because the peaks of Sc and ZT are mainly determined
by the jumps of TLR, they are robust against the dis-
order. The characteristics of ZT having the large value
and being robust against the disorder are beneficial for
the application of the thermoelectricity.
Figure 10 shows the transmission coefficient TLR, Sc
and ZT for the different disorder strength at the high
perpendicular magnetic field φ⊥ = 0.005 with the gate
voltage ∆U = 0 and 20meV. While ∆U = 0, Sc and ZT
are small for the clean TI nanowire. The disorder reduce
the heights of the peaks of Sc and ZT , and slightly shifts
the peak positions also. For example, while the disorder
strength D = 180meV, the peak heights of ZT decrease
to about half of that at D = 0. On the other hand,
for the case with the non-zero gate voltage (e.g. ∆U =
20meV), Sc and ZT have the large peak values while
the disorder strength D = 0. With the increasing of D,
the peak heights and positions of Sc and ZT can remain
unchanged almost. When D = 180meV, the largest value
of ZT can still exceed over 100. ZT not only has a large
value, but also is robust against the disorder, which is
very promising for the application.
VI. CONCLUSIONS
In summary, we study the magnetothermoelectric
transport properties of the surface states of 3D TI
nanowires under the longitudinal and perpendicular mag-
netic fields. The Seebeck coefficient Sc and the ther-
moelectric figure of merit ZT show peaks where there
are step changes of transmission coefficient. Due to the
electron-hole symmetry, the Seebeck coefficient is odd
function of the Fermi energy EF , and ZT is even func-
tion. The highest peak appears when EF is near the
Dirac point, and the peak heights gradually decrease
with EF far from the Dirac point. At the zero mag-
netic field and zero gate voltage, the Seebeck coefficient
and ZT have the large peak value due to the pi Berry
phase around the topological insulator nanowire and the
wormhole effect. The Seebeck coefficient Sc and ZT are
obviously dependent on the gate voltage, the longitudi-
nal, and perpendicular magnetic fields. This means that
the thermoelectric properties of the 3D TI nanowire can
be easily adjusted by tuning the gate voltage or magnetic
fields. At zero magnetic fields and zero gate voltage, or at
the large perpendicular magnetic field and nonzero gate
voltage, ZT has the large value. In addition, the effect of
the disorder on the thermoelectric properties is also stud-
ied. It is a surprise that the Seebeck coefficient and ZT
are more undisturbed than the conductance (transmis-
sion coefficient). The plateaus of transmission coefficient
can be broken by the disorder, but the peaks at the See-
beck coefficient and ZT are robust against the disorder,
because the jumps of transmission coefficient can remain
in the presence of the disorder. The characteristics, that
ZT has the large value and is robust against the disorder,
are very beneficial for the application of the thermoelec-
tricity.
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